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The purpose of this paper is to explore the relationship between ordinary 
and p-modular characters of Sp(4, p), with emphasis on the role of projec- 
tive modules. This parallels the study of SL(3, p) in [6], but Sp(4, p) is 
appreciably more complicated; so the results obtained are at the moment 
less definitive than those in [6]. For the sake of brevity we emphasize the 
projective cover of the trivial module, in part because it is the most difficult 
projective module to describe in detail. But our ultimate goal is to under- 
stand the behavior of all projectives, in relation to the (well-understood) 
ordinary characters. To this end we also consider the “geometric” inter- 
pretation in terms of the Brauer complex. For background on the matters 
discussed here, in the context of algebraic groups and finite groups of Lie 
type, see [S, 7, 91. 
1. THE PROJECTIVE COVER OF THE TRIVIAL MODULE 
We shall work over an algebraically closed field K of characteristic p > 0. 
We take G to be the simply connected algebraic group Sp(4, K), with 
G(p) = Sp(4, p). When p is odd, G(p) has two blocks of highest defect, 
along with a block of defect 0 containing the p4-dimensional Steinberg 
module St. We shall be interested in the principal block (containing the 
trivial module), which can also be viewed as the principal block of 
PSp(4, p). Following the notation of [9], we write L(i) for an irreducible 
G-module of highest weight A, or L(r, s) if we abbreviate 2 = ro, + so2 by 
(r, s). Here the oi are the fundamental dominant weights, and we use the 
convention of [S] that CI~ is the long simple root (the opposite convention 
is used in [lo]). The irreducible KG(p)-modules are obtained by restricting 
those L(r, s) for which 0 < r, s <p. Then we denote by U(r, s) the projective 
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Q(O,O)=U(O,O)+U(O,p-l)+U(p-l,O)+U(l,p-l)+U(p-1,2)+S~ 
Q(0, p - 1) = U(0, p - 1) + St 
Q(O,p-2)=U(O,p--)+U(p-Lp-2) 
Q(O,p-3)=U(O,p-3)+U(p-l,p-3)+3S1 
Q(O,s)=U(O,s)+U(p-l,s)+U(p-l,s+2), when l<s<p-3 
Q(p-1, 0) = U(p - 1,O) + Sf 
Q(p-2,O)=U(p-2,O)+U(p-2,p-l)+3Sf 
Q(r, 0)= U(r, 0)+ U(r, p- I), when r= (p-3)/2 
Q(r,O)=U(r,O)+U(r,p-l)+U(r+l,p-l),when l<r<p-2andr#(p-3)/2 
cover ( = injective hull) of L(r, s). There is an indecomposable rational G- 
module Q(Y, S) whose restriction to G(p) is projective and involves U(r, S) 
just once as a direct summand. When p 3 5, Q(Y, S) = V(r, s), except for 
those cases listed in Table I; this follows from calculations of Chastkofsky 
reported in [S, p. 2741, based on a general formula found independently by 
him [2, (4.2)] and by Jantzen [9, (2.10)]. One of our basic motives in 
studying special cases like Sp(4,p) is to get more insight into this somewhat 
opaque formula. 
Let us focus now on U(0, 0) whose dimension is 9p4 when p > 5. When 
p > 7, unpublished calculations of Jia-then Ye reported in [7, p. 121 show 
that the trivial module L(0, 0) occurs 14 times as a composition factor of 
U(0, 0), i. e., 14 is the “first Cartan invariant” of G(p). He uses just charac- 
teristic p representation theory (and has recently gone on to compute the 
first Cartan invariant of Sp(4, p”) for large enough p). On the other hand, 
projectives for G(p) lift to modules in characteristic 0, which can then be 
decomposed into sums of ordinary irreducibles. Our main result is as 
follows. 
THEOREM. Let p > 7. Then the character of the lifted projective U(0, 0) is 
the sum of 14 distinct ordinary characters which are listed in Table II 
together with their degrees. 
In particular, we recover Ye’s result (via Brauer reciprocity). The 
notation in Table II comes from the character table of Srinivasan [ 131. 
(Some sign errors are corrected in [ 121, but an adjustment is also required 
in the description of the parameter set R,.) 
The proof of the theorem is somewhat indirect, proceeding along the 
same lines as the proof of the analogous theorem in [6]. It is necessary to 
work out concretely a number of formulas involving both G and G(p): 
composition factors of Weyl modules for G (due to Jantzen), composition 
factors of certain tensor products, formal character of Q(r, S) and hence 
(via Table I) Brauer character of U(r, s), decomposition of U(r, S) into 
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TABLE II 
Character Degree 
00 
x,(/J+31 
x,(p-3) 
x2(2) 
X2(P + 3) 
x4(3, 1) 
x4(4, 2) 
X5(2> 2)
X6(1) 
X6(3) 
X8(2) 
r,(4) 
t;(2) 
W) 
1 
(PZ- 1s 
(& 1)2 
p4-I 
/l-l 
(P-lY(PZ+l) 
(P-W(P2f1) 
p4-1 
(P - 1 N/J2 + 1) 
(P- l)W+ 1) 
(P+ INP*+ 1) 
(P-lNP2+l) 
P(P-l)W+~) 
P(P+l)(P2+1) 
Deligne-Lusztig characters, decomposition of Deligne-Lusztig characters 
into ordinary irreducible characters as parametrized in [ 131. Jantzen’s 
notes [lo] bring together a substantial amount of this information, but the 
sorting out of parameters in [13] requires further work. After assembling 
all the pieces, one can verify the theorem by simply comparing the Brauer 
character of U(0, 0) with the sum of the ordinary characters specified in 
Table II: the latter sum is seen to vanish at non-semisimple classes and to 
agree with the Brauer character of U(0, 0) at semisimple classes. 
To facilitate the reader’s own checking of the theorem, we can describe 
explicitly the Brauer character of U(0, 0) as the sum of characters (i. e., 
weights (r, s)) of the diagonal maximal torus of G, to be restricted to the 
various semisimple classes of G(p) represented by diagonal matrices in 
[ 131. Here (r, s) sends diag (t, t -‘, U, u ‘) to fr+W, from which one gets 
the Brauer character value by replacing t and u by appropriate complex 
roots of unity. Starting with Q(0, 0) and subtracting various terms as 
indicated in Table I to get U(0, 0), the formal character is found to be a 
sum or difference of various weights multiplied by the Steinberg character. 
The list includes (0, 0), along with the following weights and their 
negatives: (P-l,p--l), (2,P-I), (2,p-3), (l,p-3), (l-p, 3P-3), 
(62,p+3), (-2,p+l), (-l,p-11, (2~2, l-p), (p+L l-p), 
(P-1,3-P), (p-2, 3-P), (2-2P, 3P-3), t-p-1, p+3), 
(1 -p, p + 1 ), (2 -p, p - 1). Then one has to subtract the following 
together with their negatives: (p- 1, 0), (1, 0), (0, p- l), (0, p- 3), 
(P-2,0), (2, O), (1 -p, 2P-2), C-1, 2), (P- 1, 1 -PI, (P-3, 3-P), 
(2 -p, 2p - 4) ( - 2, 4). This formula is actually rather easy to derive from 
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the general formula for the character of Q(r, s) as a sum of Weyl group 
orbit sums times the Steinberg character, cf. [2, 91. The unpleasant work 
involved in verifying the theorem arises from the need to adapt to the 
various semisimple classes in G(p) and then to compare with the explicit 
character values in [ 131. 
2. PROJECTIVE MODULES AND THE BRAUER COMPLEX 
As stated above, one of our basic motives is to understand better the for- 
mula which leads to Table I. The “Brauer complex” introduced in [4] and 
illustrated in [S, 61 offers some hope in this direction, even though its 
general features remain somewhat conjectural. To describe the idea very 
briefly, we attempt to picture simultaneously all projective modules U(r, s) 
belonging to one block of KG(p), say the principal block. The complex in 
question is a large alcove broken up into p2 small alcoves (relative to the 
affine Weyl group associated to G and p). Each small alcove is labelled 
X6(3) 44 x7(3) x4(4.: xgw x*(1 p+: 
x1(2p-2) x5(3.1) 
X6(2) 
x,(2) x4(3.1 
x X*(l) X*(2) $0) x5(1.1) x1(2) 
FIGURE 1 
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with an ordinary irreducible character, or rather with a Deligne-Lusztig 
generalized character, according to a simple recipe. Some of the vertices of 
alcoves which are “special points” for the afftne Weyl group are labelled 
with weights (r, s). Here we take (r, s) only in the lowest dominant alcove, 
a convention dual to that suggested in the cited papers. For the principal 
block of Sp(4, p), the only relevant weights are those with even s, and 
everything gets repeated in the Brauer complex (cf. the picture in 
C5, P. 2841). 
When p is large, most projectives U(r, s) = Q(r, s) are of dimensions 8p4, 
16p4, 24p4, or 32~~. They are pictured in the Brauer complex as symmetric 
patterns of 8, 16, 24 or 32 alcoves around a special point (cf. the pictures in 
[4, pp. 82-831 and [ 11, p. 1581). The center of the pattern is determined 
as follows: Locate the weight in the closure of the lowest restricted alcove 
which is linked to (r, s), and add (1, 1) to it (this being the sum of fun- 
damental dominant weights, usually denoted 6 or p). The idea is that 
U(r, s) should lift to a representation in characteristic 0 which involves 
precisely the ordinary characters used to label those alcoves in the pattern. 
FIGURE 2 
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When degeneracies occur, e. g., near the walls of the big alcove, these 
should reflect the degeneracies in the Deligne-Lusztig character theory. 
While this is mostly a blueprint for empirical study at present, rather than 
a rigorous general description, it does seem to illuminate the behavior of 
projectives quite well. 
To return to our study of U(0, 0) for G(p), we note that Q(0, 0) has 
dimension 32~~. Direct calculation of the Deligne-Lusztig characters 
involved in Q(0, 0) yields the assortment pictured in Fig. 1. (Some are just 
virtual characters.) The symmetric pattern in Fig. 1 is placed in the Brauer 
complex so that the lowest vertex corresponds to the weight (0, 0); thus the 
vertical and slanted walls of the alcove marked A extend to walls of the 
Brauer complex, leaving 10 of the labelled alcoves outside. This is typical of 
degenerate situations, though it is the most extreme such situation. Here 
the A denotes the character obtained by inducing the trivial character of a 
Bore1 subgroup of G(p); in the notation of [ 131, it is a sum of irreducible 
characters 19, + 8, + ol, + 8,2 + dIT (where 8,, is the trivial character and /I,, 
is the Steinberg character). 
/ 
\ 
/ 
\ 
FIC~JKE 3 
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Figures 24 show the configurations of ordinary characters in the Brauer 
complex associated with the related projectives other than St (first line of 
Table I). U(0, p - 1) is shown in Fig. 2 and U( 1, p - 1) in Fig. 3, while the 
upper and lower parts of Fig. 4 represent U(p - 1, 2) and U(p - 1, 0), 
respectively. To interpret these pictures, look for example at Fig. 2. All 
16 alcoves should be labelled with virtual characters, by continuing the 
labelling in Fig. 1. Because the vertical wall of the Brauer complex divides 
the configuration of 16 alcoves in half, one then has to divide the sum of all 
characters by 2 to get the actual character of Q(0, p - 1); removal of St 
then yields the character of U(0, p - 1). Figure 2 shows only the surviving 
characters. (This is the typical situation for weights having p - 1 as a coor- 
dinate, showing the influence of a stabilizer of order 2 in the Weyl group.) 
Comparing Fig. 1 with Figs. 2-4 shows a kind of geometric “can- 
cellation” along the vertical and slanted walls of the Brauer complex, 
leading finally to U(0, 0) as described in the theorem. Study of the other 
degenerate cases in Table I shows entirely similar cancellation behaviour, 
but confined to just one of the walls in question. So there is some hope of 
/ 
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accounting geometrically for what seems at first sight a rather arbitrary 
pattern of decomposition. 
3. STRUCTURE OF PROJECTIVE MODULES 
For the group Sp(4, p), or even Sp(4, p”), there is enough data at hand 
to permit the computation of decomposition numbers and Cartan 
invariants-at least for fixed p. But it is not straightforward to obtain 
general patterns of decomposition, as was done for SL(3, p) in [6]: the 
number of cases is considerably larger here. Even so, the multiplicity data 
is all accessible in principle. That cannot be said for the structure of projec- 
tive modules, e. g., radical series and socle series. Such structural infor- 
mation includes among other things the complete determination of Ext’, 
for which there is currently no definite algorithm. One has reasonable hope 
of computing Ext ’ for the algebraic group G = Sp(4, K), though even here 
the use of ad hoc arguments probably cannot be avoided. But even given a 
complete knowledge of Ext’ for G, it is uncertain how to get complete 
information for G(p). The most hopeful aspect of the problem is that pro- 
jectives for G(p) come from G-modules in a reasonable way. 
In spite of all this uncertainty, the recent work of Benson [l] on 
Sp(4, 3) and related groups (in characteristic 3) is suggestive of some 
regularity in the description of Loewy (radical) series for projectives. A key 
point in his analysis is the possibility of filtering a G-module Q(n) by Weyl 
modules, each of which in turn has a canonical Jantzen filtration. This in 
turn has implications for those U(i) which are “close” to the corresponding 
Q(3,). While he uses this information only in ad hoc ways, the prime 3 
being small, it is possible to guess already what might happen for large p. 
We take as our model the recent study by Irving [S] of the closely 
analogous situation involving complex semisimple Lie algebras in charac- 
teristic 0, where Verma modules play the role of Weyl modules in such 
filtrations of projectives. He is able to get good descriptions of Loewy series 
for projective covers of irreducible modules with “antidominant” highest 
weight: in the filtration of the projective cover of such an irreducible 
highest weight module L(J) by Verma modules, a Verma module with 
highest weight p is placed so that its top composition factor L(p) lies in the 
ith Loewy layer of the projective provided that L(1) occurs in the ith layer 
of the Jantzen filtration of that Verma module. (The numbering of layers 
begins at 0.) Irving is able to show that the Loewy length is uniformly 
equal to 1 more than the number of roots of the Lie algebra: 9 in the case 
of the root system B, = C, which concerns us here. 
All of this leads to the suspicion that in our setting, the Loewy length 
will also be “generically” equal to 9. Starting with a typical G-module Q(1), 
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we expect a filtration by Weyl modules placed according to the analogue of 
Irving’s recipe. On restriction to G(p), the layers should generically yield 
additional direct summands, as a result of the decomposition of tensor 
products for G(p) coming from twisted tensor products for G. But the 
Loewy length should be unaffected. This sort of generic behaviour cannot 
be expected for as small a prime as 3; even so, Benson’s Loewy lengths are 
either 7 or 9 (the 9 being somewhat accidental, as a closer analysis shows). 
For large p there is every reason to hope for considerable uniformity. This 
remains a very challenging aspect of the study of projective modules for 
finite groups of Lie type. 
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